ABSTRACT In this paper, the displacement constraints and finite-time control problems are handled for 3 degrees of freedom (DOF) active suspension systems (ASSs). In order to ensure that seat and active suspension's displacements do not violate their limits, the Barrier Lyapunov functions (BLFs) are employed to handle displacement constraints problem, and the ride comfort and safety are improved at the same time. The unknown functions in the ASSs are approximated by using the neural networks (NNs). The traditional finite-time controller often contains the sign functions or absolute value functions, and they cause the problem about buffeting of the controller. By using NNs, finite-time theory, and BLFs, an adaptive finitetime control approach is constructed to avoid this problem. Then, the boundedness of all signals of 3-DOF ASSs is testified by the semi-global practical finite-time stability analysis and a zero dynamics analysis. In addition, the results of two numerical examples demonstrate the effectiveness of the established adaptive finite-time NN control scheme.
I. INTRODUCTION
It is a well-known fact that the vehicle is an important tool to transport passengers or cargoes and cut travel time in the last twenty years. More importantly, the suspension systems are the necessary and desirable part of various vehicles. Thus, the study of the suspension systems is an internationally hotspot research area [1] - [4] . In addition, one of the main differences between passive systems and active systems is the force controller. Significantly, the force controller can produce forces which not only reduce the level of vibrationcaused by the rough surface, but also provide the excellent riding comfort for passengers or driver. The force controller is installed in the vehicle suspension, and because of that, the ASSs stand out in one of three types of suspension systems. This dominance has attracted increased attention from a lot of scholars, see for examples [5] - [8] .
In order to facilitate the research of vehicles, the ASSs were simplified to three physical models such as quartervehicle model, half-vehicle model, and full-vehicle model in [9] . In view of the simplicity of quarter-vehicle model, the 2-DOF quarter ASSs were regarded as an important research target in many previous works [10] - [13] . Using the LMI way, Sun et al. [11] used the generalized KalmanYakubovich-Popov lemma to deal with the actuator input delay problem and studied the finite frequency scheme to enhance the human body comfort level for 2-DOF ASSs. The main disadvantage of the scheme is that the control gain matrix isn't invariable. Therefore, this approach is conservative. In order to cope with the conservative difficulty of the traditional LMI way, Wang et al. [12] showed a finitefrequency method for 2-DOF ASSs by using a non-iteration algorithm and adjusting the slack variables in the control gain matrix. The authors proposed a dual-rate sampled control approach based on two types of sensors for 2-DOF ASSs, and ASSs were regarded as a switched system in [13] . Note that in these works, ASSs were seen as a linear system.
On the other hand, the more excellent vehicle performances are desired because of the rapid development of technology. Thus, nonlinear factors in ASSs motivate the interest of scholars and engineers, for example, the nonlinear actuator dynamics, stiffness, dampers, and so on. In previous works [11] - [13] , these nonlinear factors were neglected. When considering the aforementioned nonlinear factors, the ASSs are seen as the nonlinear model that can strengthen the performance of vehicles. Therefore, many intelligent control approaches have been presented to deal with various problems of nonlinear systems in [14] - [20] and [46] - [50] . Combined ASSs with nonlinear dampers and stiffness, the adaptive controllers and the novel adaptive laws were discussed to solve the estimation problem of uncertain parameters in [21] and [22] , respectively. To some degree, these results indicate that the ride comfort and safety are enhanced. To eliminate the effect of unknown road disturbances and the neglected internal frictions of suspension components, the authors employed a disturbance observer scheme and put this scheme into the ASSs through a laboratory setup-simulated road input in [23] . The actuator factor wasn't considered in [21] - [23] . Different from the linear optimal control scheme in [10] , the ASSs with hydraulic actuator were investigated and the authors illustrated a novel nonlinear optimal scheme based on Kerush-Kuhn-Tucker theorem and Taylor expansion theorem in [24] . Among aforementioned works, the seat model has not gotten more attention while the seat is directly connected to the human-body and is helpful for evaluating human-body comfort. In addition, ASSs with seat model are called 3-DOF ASSs. Up to now, there are fewer works on 3-DOF ASSs. This is one of the motivations of this paper.
For many practical systems, there is an important requirement to achieve precise control or stabilize the system in a finite time. Thus, the finite-time control problem of various nonlinear systems has attracted a lot of attention in recent years, for example, see [25] - [31] . For nonlinear purefeedback systems with time-varying, Zhang et al. presented a state feedback control based on finite-time theory in [28] . Two advantages of this method are that it uses two dynamic equations to replace the backstepping method and adopts a lower-triangular model to dispose of unknown functions. When the stochastic nonlinear system was researched in [29] , a finite-time control strategy was proposed, and it contained a power integrator technique. An advantage of this way is that the C 2 Lyapunov function is employed to make a stability analysis while compared with traditional Lyapunov function. It is worth noting that the used methods are conservative and require the matching conditions when dealing with unknown functions in aforementioned works. Wang et al. [30] and Zhao et al. [31] reported the finite-time control based NNs or fuzzy approximation for nonlinear strict feedback systems. These established schemes avoid the matching conditions and further overcome conservatism. As a kind of special nonlinear systems, studying the finite-time control of ASSs is significant. Based on terminal slidingmode approach and the equivalent low-pass filter, a finitetime control scheme was given for 2-DOF ASSs in [32] . It shows that the control singularity can be avoided since the controller doesn't contain the derivatives of term with fractional power. Different from the work [32] , Wang et al. [33] introduced terminal super-twisting algorithm into terminal sliding-mode method and further demonstrated a finite-time control approach that solved the total disturbance problem. The parameter uncertainties of ASSs aren't arouse attention in these works. In addition, the displacement constraints problem of ASSs wasn't addressed in [32] and [33] .
In recent years, the constraint problem of nonlinear systems has drawn more attention in [15] , [34] - [37] , and [51] . The constraint can be divided into the output constraint and sate constraint. In many previous works, the output constraint is a hot problem, for example, see [34] - [36] . As we known, for ensuring the safety, the joint position of robotic manipulators must be constrained in only a limited range, and this problem can be seen as the output constraint problem. The output constraint control scheme based on NNs was presented to overcome the joint position constraint problem by BLFs in [36] . Considering the limits of ASS's physical structure, [37] illustrated an adaptive control approach depended on BLFs. It assures ASS's displacement doesn't violate its constraint bounded, and thus, it implies that ASSs are safety. In fact, discussing the displacements of seat and active suspensions is viewed as the state constraints for 3-DOF ASSs. A lot of works have been carried out on state constraints of various nonlinear systems, for instance, see [38] - [41] . In order to ensure the safety of the hydraulic servo-system, the authors showed a time-varying state constraints NNs control method, and this method guaranteed that the inertial load's displacement and velocity didn't exceed their limits in [40] . However, the displacement constraints problem for ASSs didn't arouse the interest in previous works [32] and [33] . There is a challenging issue that how to combine state constraint with finite-time control in a unified framework. This challenge motivates this paper.
Based on the above analysis, the displacement constraints and finite-time control problems are addressed for 3-DOF ASSs in a unified framework. In order to improve the ride comfort and safety vehicle, the BLFs are applied to limit displacements of seat and active suspensions. In a finite time, the displacements of seat and active suspensions can be stabilized in the desired trajectory. Through numeral simulation results, it obtains a conclusion that the designed controller is reliable. The main contributions of this article are showed as follow:
• In the works [10] - [13] , the 2-DOF ASSs were studied.
Compared with 2-DOF ASSs, 3-DOF ASSs generally exist in vehicles and make it easier for vehicles to directly study the ride comfort.
• This work studies the displacement constraints problem for 3-DOF ASSs. By using BLFs, the displacements of seat and active suspensions are constrained in a reasonable range and it further enhances the safety.
• In [32] and [33] , the finite-time stabilization problem of 2-DOF ASSs was demonstrated. Compared with the works [32] and [33] , the finite-time control and The dynamic equations of 3-DOF quarter ASSs are described as the following specific form
II. PROBLEM FORMULATION AND PRELIMINARIES
, where k s1 and k ts stand for the stiffness coefficients of seat and wheel; c p1 and c dt denote the damping coefficients of seat and wheel; k p1 and k p2 are the vehicle suspension stiffness coefficients of linear and nonlinear term; c ds1 and c ds2 present the vehicle suspension damper coefficients of linear and nonlinear term.
The state variable x is defined as
, and x 6 =ż w . By utilizing the state variable x, the system (1) is rewritten as the following state space equations: It should be noted that the mass m p is uncertain because of the changes of load and passengers. On a separate note, the coefficients of the damping and stiffness of seat and active suspensions are also varied because there are a large number of the natural environment and artificial factors varying with time. These parameters are bounded in consideration of the real physical meanings of these parameters. The formation reasons of unknownh 1 (x) andh 2 (x) are caused by aforementioned uncertain parameters.
Remark 1: In this paper, the seat model is considered in the design and control of ASSs. Compared with 2-DOF ASSs [21] - [24] , the seat performance is directly used to evaluating the ride comfort in comparison of active suspension.
B. CONTROL OBJECTIVES
When it comes to the vehicle suspension systems, the ride comfort, road holding, and suspension space limits are three essential parts of evaluating suspension performance requirements.
Firstly, the ride comfort is an important performance index when appraising vehicle performance. That is to say, the displacements of seat and active suspensions are constrained in the adequate range. Moreover, we try to keep the vibration acceleration of seat and active suspensions as small as necessary, and it further makes passengers comfortable.
Secondly, the road holding is that the wheel makes contact with the ground, and it ensures the safety. And, more remarkable, the tire's dynamic load is under the its static load:
Lastly, the security of the structure of suspension affects the safe driving directly. As a result, we must ensure that the suspension deflections are bounded:
Next, some lemmas and assumptions are introduced. Definition 1 [31] : When ζ (t 0 ) = ζ 0 and ζ (t) ≤ τ for all t ≥ t 0 + T , the nonlinear systemζ = g (ζ, u) is semi-global practical finite-time stable, where ζ = 0 is the equilibrium position of g (ζ, u), τ > 0 is a constant, and the deposit time T (τ, ζ 0 ) is subject to T (τ, ζ 0 ) < ∞.
Assumption 1 [34] : For any constant k p > 0, there are some results about y d and its time derivatives, i.e.,
, and D 4 are positive constants.
Assumption 2 [8] : z r (t) andż r (t) are the bounded. The positive constantsz r1 andz r2 satisfy |z r (t)| ≤z r1 and |ż r (t)| ≤z r2 .
Lemma 1 [34] : When all |s 1 | < k p1 , the following inequality satisfies the following condition, i.e., log
Lemma 2 [30] : In terms of the systemζ = g (ζ, u), for the Lyapunov function V (ζ ), the time derivative of V (ζ ) can ensureV
holds, where the design constants ϑ, λ, C satisfy ϑ > 0, 0 < λ < 1, and C > 0. Hence,ζ = g (ζ, u) is semi-global practical finite-time stable.
Lemma 3 [31] : For χ i ∈ R, i = 1, 2, ..., n, 0 < λ < 1, the following inequality is established as:
Lemma 4 [31] : For some positive constants µ, , and ι, the following inequality is instructed as:
where χ and β are real variables.
Remark 2:
The existing finite-time control schemes for ASSs were the homogeneity finite-time stable in [32] and [33] . This homogeneity finite-time stable cannot directly be applied to the nonlinear systems with completely unknown functions. In this paper, the semi-global practical finite-time stable is applied to overcome this problem and discuss the finite-time control design.
III. THE FINITE-TIME CONTROLLER DESIGN BASED ON NN AND ZERO DYNAMICS ANALYSIS
Based on the finite-time theory and BLFs, the finite-time control and displacement constraints problems will be solved in this section. In addition, this section shows the detailed NN control scheme and zero dynamics analysis procedure.
A. FINITE-TIME CONTROL SCHEME DESIGN BASED ON NN For improving the ride comfort and safety of 3-DOF ASSs, the heave motion of an integrated seat suspension and vehicle active suspension is studied in this section, namely the system (2).
Step 1:The tracking errors s 1 is depicted as
The time derivative of s 1 is developed as:
V 1 is denoted as a Barrier Lyapunov function with the following form:
By derivatizing V 1 , we can obtaiṅ
Define the error s 2 as
where α 1 is a virtual control signal and defined as:
where the design constant c 1 > 0 is selected by the designers. Substituting (7) and (9) into (8),V 1 can be rewritten as:
Choose
and ν = l l 1−l , the following inequality holds by using Lemma 4, i.e.,
where l is a design parameter to be satisfy 0.5 < l < 1. Therefore, it gets
Combining (12) with (10), one has:
Based on Lemma 1, we can get:
The following inequality can be proved via the (14), i.e.,
where ϑ 1 = c 1 and
Step 2: The time derivative of s 2 is showed as: 
Choose a Lyapunov function candidate
where η 1 > 0 is a design constant. The time derivative of V 2 will be re-expressed as:
A new functionh 1 is established as:
h * 1 is an auxiliary function with following form:
By (19), (18) will be represented aṡ
Considering the fact that the NNs are an approximation characteristic powerful tool in [42] and [43] , the continuous unknown functionh * 1 is approximated bȳ
whereε 1 > 0 is a constant and 1, 2, 3) , respectively. N i stands for the number of NN nodes. In addition, considering the feature of ψ i (Z i ), we draw a conclusion that the inequality 0
Derivatizingθ i , hence one hasθ i = −θ i (i = 1, 2, 3). By Young's inequality, we can know:
T and δ 1 > 0 is a design constant.
Introduce the error s 3 as s 3 = x 3 − α 2 where α 2 is a virtual control signal to be selected as:
Based on (21), (22) and (23),V 2 becomes:
The NNs updating law forθ 1 is denoted bẏ
where k 1 is a selected positive constant via the designers. Utilizing Young's inequality, the termθ 1θ1 can be given by:
Substituting (25) and (26) into (24),V 2 is replaced bẏ
Via using the similar manipulations about (11) and (12), one gets
Therefore, we can obtaiṅ
Thus, one haṡ
where 
where
Consider a Barrier Lyapunov function candidate with following form:
where η 2 is a designed constant. Define the error s 4 as s 4 = x 4 − α 3 where α 3 is a virtual control signal to be expressed as
T , c 2 is a design constant such that c 2 > 0 and δ 2 is a designed constant.
Choose the NNs updating lawθ 2 as:
where k 2 is a design constant. Using Young's inequality, it gets:
Derivatizing V 3 , and substituting (30), (31), (32), (33) intȯ V 3 , it getṡ
The process of dealing term s 2 3 2 k 2 b1 − s 2 3 is similar to (11) and (12), thus the following inequality can be easily proved, i.e.,
Using (35), it concludeṡ
Step 4: The control law u is designed as:
T and δ 3 > 0 is a design constant. By derivatizing s 4 , it obtainṡ 
where the design constant η 3 satisfies η 3 > 0. The time derivative of V 4 be showed as:
A new functionh 3 is designed as:
Establish an auxiliary functionh * 3 as
By utilizing (40) and (41), we havė
Through using NNs, the unknown functionh * 3 will be given as:h *
The NNs updating law forθ 3 is presented aṡ
where k 3 is positive design constant by the designers. Considering the Young's inequality, it is early to draw following conclusions:
Using (42), (43), (44) and (45), it can geṫ
Utilizing Lemma 4 and the similar manipulations about (11) and (12), one has
Substituting (47) into (46) getṡ
i . Substituting (15) , (29), (36) and (48) 
By Lemma 4, we can obtaiṅ
Theorem 1: For the system (2) with displacement constraints, using the virtual controllers (9), (23), (31), the control law (37), the auxiliary functions (19) , (41) , and the updating laws (25) , (32) , (44) , this paper draws the following conclusions:
1) All the signals of the system (2) are semi-global practical finite-time stable. 2) For all t > 0, the state x 1 remains in the set 1 := x 1 ∈ : |x 1 | ≤ k p . 3) For all t > 0, the state x 3 remains in the set 2 :=
where the constant κ satisfies the condition 0 < κ < 1. Via Lemma 2, we can conclude that
l , for ∀t ≥ T * . That is to say, the signals s i , x i andθ j (i = 1, 2, 3, 4, j = 1, 2) are semi-global practical finite-time stable.
(2) Via considering the definition of V and the inequality
In other word, the tracking error s 1 remains in a small neighbourhood of origin. Obviously, through above analysis, we can obtain the fact that
B. ZERO DYNAMICS ANALYSIS
In the process of designing controller, the discussed system is 4-order but 3-DOF ASSs are 6-order. Based on the research and analysis above, x i (i = 1, 2, 3, 4) are bounded. Therefore, the stable variables x 5 and x 6 will be certified boundedness among this part. Substituting (37) into (3), the state space equation of the state variables x 5 and x 6 is show as: 
By xy ≤ x 2 2a + aby 2 2, a > 0, the following result can be guaranteed, 2X T B ≤ X T BBX a+a T . Thus, we havė
Integrating (50), one has:
Therefore,
It's obvious that x 5 and x 6 are bounded.
In the next part, the road holding and suspension deflections of 3-DOF ASSs will be demonstrated. The tire load is presented by
Thus, the performance requirement of the tire load is guaranteed.
On the basis of Theorem 1, one has z p − z b ≤z pb , wherē z pb = k p + k b . In addition, due to the boundedness of x 3 and x 5 , we can ensure |z b − z w | ≤z bw holds, wherez bw =
. Consequently, the suspension deflections don't violate their limits and we ensure that vehicle suspension is stable.
Remark 3: In [44] and [45] , the authors focused on the multi-criteria optimization and disturbance problems for active seat suspensions. However, there is almost no attention to studying the displacement constraints problem of seat suspension. The displacement of active suspension model was discussed in [37] . In this paper, the displacement problems of seat and active suspensions are addressed at the same time.
IV. SIMULATION EXAMPLE
For validating the validity of the designed finite-time control scheme, a simulation example is carried to 3-DOF quarter ASSs in this section. The ASSs parameters are choose as:
The parameters of proposed controller are defined as: In addition, the initial conditions are given as x (0) = (0, 0, 0, 0, 0, 0)
T andθ (0) = (0.001, 0.001, 0.002) T . The road input is a critical factor that influences the ride comfort. Thus, the following two road input are used in simulation example,
• Case I: Choose continuous sinusoidal road input: z r = 0.002 sin(6π t).
• Case II: Choose bump vibration road input:
where h is the height of bump road, L is the length of bump road, and v is the velocity of vehicle. Suppose h = 0.003m, L = 2.5m, v = 25Km/h. In order to test the effectiveness of proposed finite-time control scheme, the following two systems are employed in simulation example, i.e.,
• ASSs: The proposed active suspension systems in this paper.
• PSSs: Compared with the proposed active suspension systems, the compared suspension systems are passive, namely: the controller isn't equipped in suspension systems. In Figs. 2 and 7 , the trajectories of z p is depicted. As we can see from Figs ASSs is very good in compared with PSSs. Meanwhile, the suspension deflection's trajectories of ASSs and PSSs are given in Figs. 6 and 11. We can obtain that the suspension deflection of ASSs is better than PSSs in two cases. Fig. 12 shows updating laws forθ 1 ,θ 2 andθ 3 in two cases, from which we know that they are clearly bounded. The actuator forces of two cases are given in Fig. 13 . As we can see, these pictures or observations further verify that the instructed finitetime control scheme effectively enhances the ride comfort, road holding, and suspension limitation.
V. CONCLUSION
For a 3-DOF ASSs, the finite-time control scheme has been given based on NNs, which takes seat suspension, parametric uncertainties, and road disturbances into account. With the help of BLFs, the established adaptive finite-time NN control method not only deals with the finite-time control problem, but also makes the displacements of seat and active suspensions in an acceptable and safety range. The boundedness of all signals has been verified via the semi-global practical finite-time stability analysis and a zero-dynamic analysis. In addition, the tracking error can converge to a small neighbourhood of zero in a finite time. The designed control approach has been proved to be effective by simulation results. He is currently a Lecturer with the Liaoning University of Technology. His current research interests include fault tolerant control, fault detection and diagnosis, optimal control for nonlinear systems, neural network control, and their industrial applications.
